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Arithmetic Mean Stretch

1.____________

2.____________

3.____________

4.____________

5.____________

6.____________

7.____________

8.____________

9.____________

10.___________

Simone’s average score for seven tests is 82 points. If she scores 90 points on her eighth 
test, what is the average of all eight test scores?

The average of Geoffrey’s first four test scores is 72 points. If Geoffrey’s fifth test score is 
15 points more than the average of his first four test scores, what is the average of all five 
test scores? 

The mean of four numbers is 18. If one of the four numbers is removed, the mean of the 
three remaining numbers is 17. What is the value of the number that was removed? 

Abel, Bilal and Cara played a game of Scrabble. The average of the points scored 
by Abel and Bilal was 261 points, while the average number of points scored by 
Abel, Bilal and Cara was 269 points. How many points did Cara score?

Sage has 12 pennies and 8 nickels. The average mass of Sage’s coins is 3.5 grams. If the 
average mass of Sage’s pennies is 2.5 grams, what is the average mass of Sage’s nickels?

Ruby mailed three packages to a friend. The mean weight of the packages was 
85 ounces. When Ruby sent a fourth package, the mean weight increased by 
2 ounces. How many ounces did the final package weigh?

Six cocker spaniels have a total weight of 192 pounds. Five golden retrievers have an 
average weight of 71 pounds. What is the average weight of all 11 dogs? Express your 
answer as a decimal to the nearest tenth.

Gil read 21 pages of a book on Monday, 34 pages on Tuesday, 17 pages on Wednesday, 
and 12 pages on Thursday. On Friday, Gil read 5 pages more than the mean number 
of pages read on the first four days. How many pages did Gil read in all?

Sam scored 50 points on the first of six Spanish exams in the semester. If Sam’s goal is to 
have an average exam score of 90 points at the end of the semester, how many points will 
Sam need to score, on average, on the remaining five exams?

After taking three of the four exams in history class, Srinivasa has an average exam score 
of 66 points. If the fourth exam counts twice as much as the other exams, what is the 
fewest points Srinivasa can score on the fourth exam to pass the course with an overall 
exam average of at least 70 points?

points

points

points

grams

ounces

pounds

pages

points

points

In the following problems, the terms mean and average refer to the arithmetic mean, unless otherwise stated.
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Circles Stretch
11.___________

12.___________

13.___________

14.___________

15.___________

16.___________

17.___________

18.___________

19.___________

20.___________

What is the circumference of a circle that has an area of 289π mm2? Express your answer 
in terms of π.

The area of a circle with a diameter of 2 13 feet equals bπ ft2. What is the value of b?

If the diameter of a circle is multiplied by four, the area of the new circle is how many times 
that of the original circle?

The circumference of a certain circle with radius r cm is equal to the perimeter of a certain 
square with side length s cm. What is the ratio of r to s? Express your answer as a decimal 
to the nearest tenth.

Semicircle P has radius 5 cm, and circle Q is the largest possible circle that can be 
inscribed in semicircle P. What is the combined area of the shaded regions 
that are in the interior of semicircle P but exterior to circle Q? Express 
your answer as a common fraction in terms of π.

Adele draws a circle with radius 10 inches. Bernie draws a circle that has four times the 
area of Adele’s circle. What is the diameter of Bernie’s circle?

Circle D intersects the center of circle E, and circle E intersects the 
center of circle D. The radius of each circle is 6 cm. The area of the 
shaded region where the circles overlap can be expressed in simplest 
radical form as aπ + b c  cm2. What is the value of a + b + c?

The figure shows a circle inscribed in a square that is inscribed in a circle. If 
the larger circle has area 256π mm2, what is the radius of the smaller, shaded 
circle? Express your answer in simplest radical form.

Tomas shoots an arrow that lands in a random location on the target 
shown. The radius of the center circle is 1 foot, and the radius of each 
successively larger circle is 1 foot greater than that of the previous circle. 
What is the probability that Tomas’s arrow will land in the center circle? 

Express your answer as a common fraction.

A circle of radius 17 units has its center in the second quadrant. The circle intersects the 
y-axis at (0, 0) and (0, 17 2). What is the area of the region of the circle that lies in the 
third quadrant? Express your answer as a decimal to the nearest tenth.

mm

times

P

Q

5 cm

cm2

inches

D E

mm

units2
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Stars and Bars Stretch

21.___________

22.___________

23.___________

24.___________

25.___________

26.___________

27.___________

28.___________

29.___________

30.___________

In how many ways can 9 yellow marbles be divided among 4 distinguishable cups?

A tray contains a dozen each of 3 kinds of cookies. How many different assortments of 
7 cookies can Devon select from the tray?

Baca’s Bakery sells chocolate, vanilla, pumpkin and carrot cake muffins. How 
many different assortments of 10 muffins can Baca make?

How many different assortments of pennies, nickels, dimes and quarters can Ashley’s coin 
holder contain if it has 15 coins total? 

At the flower shop, Maggie is making a bouquet from asters, dahlias, irises, roses 
and chrysanthemums. How many ways can Maggie choose 9 flowers for her 
bouquet if it should contain at least one of each type of flower?

Carla selects 5 fruit-flavored candies from a bowl containing 6 apple, 5 banana and 
4 cherry candies. How many possible combinations of candies can Carla select?

Lynn has 3 cats and a row of 4 cat beds. Each cat bed can hold one or two cats, and each 
cat is in a bed. Listing the number of cats in each bed from left to right, how many unique 
sequences are there? 

Marvin randomly places 7 Scuba Steve action figures and 6 Diving Dan 
action figures in 4 distinguishable boxes. If each box must have at least one 
of each type of action figure, how many ways can Marvin do this?

Ms. Grow has 10 identical MATHCOUNTS pencils to distribute to 5 Mathletes. Two 
brothers, Minhtet and Linnhtet, must get the same number of pencils. If not every Mathlete 
is required to get a pencil, in how many ways can Ms. Grow distribute the pencils?

How many four-digit integers are there with a digit sum of 31?

ways

assort-
ments

assort-
ments

assort-
ments

ways

combi-
nations

se-
quences

ways

ways

integers

Stars and bars, also known as balls and urns or sticks and stones, is a technique 
for finding the number of ways to distribute indistinguishable items (stars, balls, 
stones) among distinguishable containers (like urns) or distinguishable groups 
(separated by bars and sticks). The number of separators used is always one less 
than the number of containers or groups. Here are two examples of the stars and 
bars technique. 

In how many ways can 8 pennies be distributed among 3 piggy banks? 
The number of arrangements of 8 stars and 3 − 1 = 2 bars can be computed from the 

formula for permutations of items of different types. There are 8 + 2 = 10 items, 8 stars 

and 2 bars, and the formula tells us that the number of permutations is  (8 + 2)!
P =

8!2!
 (10 × 9)8!
=

8!(2 × 1)
  = 5 × 9 = 45. 

In how many ways can a group of 10 balloons be made using red, orange, yellow, blue and purple 
balloons if there must be at least one balloon of each color? 
We need only count the number of ways 5 of the balloons are colored since 5 have predetermined colors. The number of 

ways to choose 5 − 1 = 4 of the 5 + 4 = 9 items to be bars is 9!
4!(9 − 4)!

=9
4( (  (9 × 8 × 7 × 6)5!

=
(4 × 3 × 2 × 1)5!

  = 9 × 7 × 2 = 126.

The formula for combinations can also be applied here, viewing the problem as choosing the locations 
for the 2 bars among the 8 + 2 = 10 spots for stars or bars, leading to exactly the same computation. P = =

(s + b)!
s! b!

s + b
b( (

Use the stars and bars technique to solve the following problems.

A B C

Here are arrangements of stars 
and bars that show four ways 
to distribute 8 pennies among 
3 piggy banks.
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Factorials Stretch

11.___________

12.___________

13.___________

14.___________

15.___________

16.___________

17.___________

18.___________

19.___________

20.___________

What is the value of 7
6

!
!
?

What is the value of 4 5
4
! !

!
+ ?

What is the value of 4 5
6

! !+ ?

If 10 × 4 × 3 = n!, what is the value of n?

If n is a positive integer and (n + 1)! − n! < n3, what is the greatest possible value of n? 

If n! is the greatest factorial divisible by 106 but not by 107, what is the value of n?

How many zeros are to the right of the rightmost nonzero digit of 125! ?

What is the greatest prime divisor of 
11 10
6 5
! !
! !
−
− ?

How many divisors of 4! × 3! × 2! × 1! are perfect squares?

How many positive integers n ≤ 25 are there for which n2 is a factor of n!?

zeros

divisors

integers

Factorial Notation Review

The notation n!, read as “n factorial,” is defined as n! = n × (n − 1) × (n − 2) × ⋯ × 3 × 2 × 1. 
For example, 4! = 4 × 3 × 2 × 1 = 24 and 5! = 5 × 4! = 5 × 24 = 120. 
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Triangles Stretch

21.___________

22.___________

23.___________

Right triangle QRS, shown here, has altitude ST. If QR = 26 cm and 
QT:RT = 9:4, what is ST?

In isosceles triangle WXY, shown here, WX = WY = 5 cm and XY = 8 cm. 
What is the length of the altitude drawn perpendicular to side XY?

What is the arithmetic mean of the altitude lengths of an isosceles triangle with two sides of length 
13 cm and one side of length 10 cm? Express your answer as a common fraction.

Q RT

S

26

cm

X Y

5 5

8

W

cm

cm

A cevian (pronounced chay-vee-an) is a line segment drawn from a vertex of a triangle to a point on the opposite 
side (or an extension of the opposite side). Altitudes, medians and angle bisectors are examples of cevians.

An altitude of a triangle is a cevian drawn from a vertex and perpendicular to the line containing the opposite side. 
An altitude of a triangle can be inside the triangle, be outside the triangle, or coincide with a side of the triangle. 
Every triangle has three altitudes. They intersect at a point called the orthocenter, which is located inside an 
acute triangle, outside an obtuse triangle, and at the right-angle vertex of a right triangle.

A median of a triangle is a cevian drawn from a vertex to the midpoint of the opposite side. Every triangle has three 
medians. They intersect inside the triangle at a point called the centroid.

Altitude Theorem: The altitude perpendicular to the hypotenuse of a right triangle forms two 
triangles that are similar to each other and to the original triangle. In right triangle ABC, shown 
here, with altitude BD, △ABC ~ △ADB ~ △BDC. 

A C
D

B

Centroid Theorem: The centroid is two-thirds the distance from each vertex to the midpoint of 
the opposite side. In other words, the segment joining the vertex and centroid has twice the 
length of the segment joining the centroid and the midpoint of the opposite side. 
Triangle  ABC, shown here, has medians AD, BE and CF, with the following 
properties: A C

G D

E

F

B

BG = 2 × EG CG = 2 × FGAG = 2 × DG

This theorem is also known as the geometric mean theorem because of the following properties: 

=AD BD
BD CD  ×BD = AD CD =AD AB

AB AC ×AB = AD AC =CD BC
BC AC ×BC = CD AC

ALTITUDES

MEDIANS
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24.___________

25.___________

26.___________

27.___________

28.___________

29.___________

30.___________

Triangle PQR, shown here, has area 24 cm2. If segment QS is a median of 
triangle PQR and PS = 9 cm, what is the height of triangle PQR? Express 

your answer as a common fraction.

Triangle ABC has medians AD, BE and CF with centroid G. If AG = 6x and DG = 5x − 8, what is 
the value of x?

Triangle JKL has medians JM and KN with centroid P, as shown. If KN = 19
2

x  and 

NP = 5
2
x  + 2, what is KP?

Triangle EFG has medians EH, FI and GJ. If EF = 25 cm, FG = 17 cm and 
EG = 26 cm, what is the area of triangle HIJ?

P RS

Q

9

cm

J L

P

M

N

K

units

E G
I

HJ

F

cm2

Triangle PQR has angle bisector PS, as shown, with PQ = 16 cm, RS = 11 cm 
and QS = 8 cm. What is the perimeter of triangle PQR?

Triangle ABC has angle bisectors AD, BE and CF, as shown, and AB = 10, 
BC = 7, AC = 11. What is the ratio of DG to AG? Express your answer as a 

common fraction.

The figure shows an inscribed circle tangent to triangle ABC at points D, 
E and F on sides AB, BC and AC, respectively. If AB = 15 cm, BC = 14 cm 
and BD = 6 cm, what is AC?

P

R
S

Q
8

16

11

cm

A

C
G

B D

F E

C

B

E

F

DA

cm

An angle bisector of a triangle is a cevian that divides a vertex angle into two congruent angles and intersects 
the opposite side. Every triangle has three angle bisectors. They intersect inside the triangle at a point called the 
incenter. The incenter is also the center of the triangle’s inscribed circle, or incircle.

Angle Bisector Theorem: The angle bisector of a triangle divides the opposite side into two 
segments that are proportional to the other two sides of the triangle. Triangle ABC, shown here, 
has angle bisectors AD, BE and CF with the following proportions:

A C

D
I

E

F

B

=AB BD
AC CD

=AB AE
BC CE

=AC AF
BC BF

ANGLE  BISECTORS


